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Abstract 



We reanalyze the B ^ M tensor form factors in a covariant light-front quark model, where M 
represents a vector meson U, an axial-vector meson or a tensor meson T. The treatment of 
masses and mixing angles in the Kia,ib systems is improved, where Kia and Kib are the ^Pi and 
^Pi states of the axial- vector meson Ki, respectively. Rates of S — )• M7 decays are then calculated 
using the QCD factorization approach. The updated B — )• K*^, B — Ki{1270)^, Ki (1400)7 
i^27 rates agree with the data. The /Ci(1270)-i^i(1400) mixing angle is found to be about 51°. 
The sign of the mixing angle is hxed by the observed relative strength of i? — )• /Ci (1270)7 s-^id 
1^1(1400)7. The formalism is then applied to -Be, — t- M tensor form factors. We find that the 
calculated Bs — >• (p'j rate is consistent with experiment, though in the lower end of the data. The 
branching fractions of Bs — s- /i(1420)7 and /2(1525)7 are predicted to be of order 10~^ and it 
will be interesting to search for these modes. Rates on Bs — )■ /i (1285)7, /ii (1380)7, ^1 (1170)7, 
72(1270)7 decays are also predicted. 



I. INTRODUCTION 



In this work we shall investigate the B ^ M tensor form factors and their implications on the 
exclusive radiative B(^g-^ — )• M7 decays for AS" = 1 transitions with M denoting a vector meson V , an 
axial-vector meson A, or a tensor meson T. These decays receive the dominant contributions from 
the short-distance electromagnetic penguin process h — )• S7. These modes are of great interest since 
they are loop-induced processes and are, hence, sensitive to New Physics contributions. Recently, 
both CDF [1] and DO [4] have observed 1-2 a deviations from the Standard Model (SM) prediction 
for the Bg-Bg mixing angle. It will be useful to the search for New Physics in the Sn,d,s systems 
in the forthcoming experiments at Fermilab, LHCb and Super B factories. 

The radiative decay B — )• K*^ was first measured by CLEO [sl and subsequently updated by 
CLEO, BaBar and Belle with the results 
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The average branching fractions are 

B{B^ - 
B{B+ - 



• if*°7) 



While the decay B — )• Eri(1270) 7 has been observed 
have not been seen and only upper limits were reported 



(4.33 ±0.15) X 10-5, 
(4.21 ±0.18) X 10-5. 

Belle in 2004, other B 



(1.2) 

i^i7 decays 



B{B- - 
B{B- - 
i3(S° 
B{B^ 



^^-(1270)7) = (4.3 ± 0.9 ± 0.9) X 10-5, 

(1400)7) < 1-5 X 10-5, 

■ K?(1270)7) < 5.8 X 10-5, 

■ i^?(1400)7) < 1.2 X 10"5. 



:i.3) 



As for the decay B 7^1(1430)7, CLEO 
result of neutral and charged B modes 



has reported the first evidence with the combined 



B{B 

Later, the Belle measurement 

while BaBar [10] obtained 

i3(S° 

B{B+ - 



yielded 



-5 



i.66i^:§;^ ±0.13) X 10 

(1.3 ±0.5 ±0.1) X 10"5, 

(1.22 ±0.25 ±0.10) X 10-5, 
(1.45 ±0.40 ±0.15) X 10-5. 
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For radiative Bg decays, Belle has reported the first observation of Bg — )• (j)^ decay with the 
result 

B{Bg ^ 07) = i5.7tlitli) X 10-^ (1.7) 

This is the only radiative Bg decay that has been observed so far. Its rate is similar to those in 
Bu^d K*j decays. Given the fact that t{Bs) < T{Bu^d) [3] one will naively expect a slightly 
smaller rate for Bs — )• (p^. 

Using the light-cone sum rule (LCSR) result of 0.38 it 0.06 [l^ for the form factor Ti(0) to be 
defined below and the B — )• K*^ decay ainplitude with nonfactorizable corrections evaluated in 
the QCD factorization (QCDF) approach 14|, it was found in [isl . Il6| that the next-to- leading- 



order (NLO) corrections will enhance the B — )■ K*^ rate to the extent that its branching fraction 

disagrees with the observed one (jl.2p . 

In our previous work [l3], various B ^ M tensor form factors were calculated within the 

framework of the covariant light-front (CLE) approach 0]- This formalism preserves the 

Lorentz covariance in the light-front framework and has been applied successfully to describe various 

I I 

properties of pseudoscalar and vector mesons [1 Si . We extended the analysis of the covariant light- 
front model to even-parity, p-wave mesons |19l ]. Recently, the CLF approach has been further 



extended to the studies of the quarkonium system, the Be system and so on (see, for example 20|). 



We have pointed out in [19[ | that relativistic effects could manifest in heavy-to-light transitions 
at maximum recoil where the final-state meson can be highly relativistic and hence there is no 
reason to expect that the non-relativistic quark model is still applicable there. Hence, we believe 
that the CLF approach can provide useful information on S — )■ M transitions at maximum recoil, 
the kinematic region relevant to -B — >^ M7 decays, and may shed new light on the above-mentioned 
puzzle. 

In 17[ we showed that a form factor Ti(0) substantially smaller than what expected from LCSR 
was obtained and a significantly improved agreement with experiment was achieved with the rate 
calculated using the QCDF method. Since we have studied p-wave mesons before in the CLF 



approach [19|], the extension to i? — )• Ki^2 transitions, which could be very difficult for lattice QCD 
calculations, was performed straightforwardly and rates on S — )• Ki^2l decays were predicted using 
the calculated form factors as inputs \17\ . 



In the present work, we revise and extend the analysis of [17[ . We improve the the estimation of 
the KiA and Kib mixing angle, where Kia and Kib are the ^Pi and ^Pi states of Ki, respectively, 
and are related to the physical Ki{\27{)) and 7^^1(1400) states. As will be shown later, the analysis 
is done consistently within the covariant light-front approach. After obtaining tensor form factors 
in the CLF approach, we use QCDF as the main theoretical framework to calculate branching 
fractions of P — t- -fC*7, i^i7 and decays. We further extend our study to radiative decays 
Bs (pj, /i(1420)7, /i(1285)7, /ii(1380)7, /ii(1170)7, /^(1525)7 and /2(1270)7. The calculated 
Bg — )• 07 rate is in agreement with data. Predictions on the decay rates of other modes are made 
and can be checked in future experiments. 

The paper is organized as follows. The analytic expressions of the tensor form factors evaluated 
in the covariant light-front model are recollected in Sec. II for completeness. The numerical results 
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for form factors and decay rates together with discussions are shown in Sec. III. Conclusion is given 
in Sec. IV. The formuhsm and calculation of the tensor form factors in the covariant light-front 
model arc shown in Appendix A, while input parameters for radiative B decay amplitudes in the 
QCDF approach are collected in Appendix B. 



II. TENSOR FORM FACTORS 



The matrix element for the Bq — t- M7 transition with M = V, A,T mesons is given by 



where 



iM = {M{P",e")j{q,s)\ - iH^s\Bg{P')), 



Hes = -^V*Vt,cfQr, 
•57 = g^m6S(7^^(l + 75)6F''^ 



(2.1) 



(2.2) 



with P'(") being the incoming (outgoing) momentum, s^"^ the polarization vector of 7 (M), Vij the 
corresponding Cabbibo-Kobayashi-Maskawa (CKM) matrix element and cf^ the effective Wilson 
coefficient. By replacing cf^ by the effective parameter 07, to be discussed below in Sec. Ill, 
nonfactorizable corrections to the Bq — > M7 amplitude are included. In this work we will update 

the calculation of the B — t- K* and B — t- Ki , K2 transition tensor form factors in the covariant 
light-front quark model and extend the study to Bs — )■ M7 decays. 
Tensor form factors for Bq ^ V, A,T transitions are defined by 

{ViP",e")\sa^,q''il + j,)b\BqiP')) = ie^,^,s"^* P\p T^{q^) 

+ {e";P-q-P^e"*-q)T2{q^) 



-e"* -qlq^-P^ 



Uq' 



{Asp^,p^{P",e")\-sa^,q''{l + ^^)h\Bq{P')) = ie^,y,/'^*P\PYAiMQ^) 

+{e";P-q-P^.e"*-q)YA2M<l^) 



+e"* -qiq^-P, 



P-q 



' -j YasMc'^ 

{TiP",e")\sa^,q^il + j,)b\BqiP')) = -ie^,^/"^''* P'^ P\p^'^'^^' 



{e";.p-<i-p,4W)p'^^ 



-e';*p-qP{q^-P^ 



P-q, 



(2.3) 



where P = P' + P" , q = P' — P" and the convention e' 



0123 



is adopted. 



A brief derivation of Bq — )■ V,A,T transition tensor form factors from the diagram depicted in 
Fig. 1 is shown in Appendix A. Here, only the final analytic results are given. First of all, the 
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-P2 

FIG. 1: Feynman diagrams for meson transition amplitudes, where P'(") is the incoming (outgoing) 
meson momentum, p'j"^ is the quark momentum, p2 is the anti-quark momentum and X denotes 
the corresponding q"(T^y{l + 75)?' transition vertex. 



Bq^V transition form factors are given by |17l | 



h' h" 

dx2d pj_- 



2A^^'> [M''^ - M"'^ - 2mf - 2N[ + + 2{m[m2 + m'im2 



-m[m'{)] - SAf^ + (m'l + m'{f + N[ + N'{ - + MM''^ - M"2)(yl^' 



(2) 



A 



T2{q' 



Nr. 



h'ph'lr 



'X2N[N'{ 



2A\^'^ [M''^ - M"'^ - 2mf - 2N[ + q^ 



,(2) 



+2(m2 - 2m[)m2 + 3N[ + iV(' - + 2^2 + 4(g2 - 2M''^ - 2M"2)(^^- 

-4(M'2 - M"2)(-4i) + + _ ^(2)) _ ^[(^/. _ ^/ ^ 2m2)AS')]l 

^1/ J 



Tsiq' 



Nr. 



2A^^^ [M'^ - - 2m'i - 2N[ + 



r"2 n„,'2 



"X2iV(iV(' 

+2(mim2 + m'/m2 - m'lm")] + S^f ^ + 2Af'^ 
-2(m2 - 2m'i)m2 - 3N[ - N'{ + q^ - 2Z2 - 4.{q^ 



(2.4) 



2mf 



[rrii + nil) 



M 



12 



3M"2)(4"^ -4^)) 



+ 



-^{{m'i - m'l + 2m2)4') + (M'^ - M"^){A^P + 4'^ - ^«)] 



+(m'i + m'/)(M'2 - M"2)(A^') _ 4^) _ 42)) + ^n^M'^ - M"2)(^;^) + 4'^ - 

The expressions of h', h", N', N", Af and Z2 can be found in the Appendix. 

Secondly, the Bg ^ A transition form factors can be obtained from the above expressions by 
applying a simple relation [l7| (see also Appendix A): 

YmMq^) = Ti{q^) with {m'l ^ -m'/, h'(. ^ h':!^^^, w'{, ^ w'^^^^), (2.5) 
for i = 1, 2, 3. Note that only the 1/w" terms in Ysi form factors are kept and it should be cautious 
that the replacement of m'( — )• — m'/ should not be applied to m'/ in w" and h". 

Thirdly, the Bq ^ T transition form factors are given by 17 1 



U,{q') = ^ / dx2dVx^Sji|{2(A« - - Af^)[M'^ - M"- - 2mf - 2N[ + i 
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+2(m'im2 + m'/m2 - m\m'i)\ - ^{A^^ - A^^ - A^) + (1 - A^^'^ - ^^^^) 
X [(m'l + m'if + N[ + N'{ - q^] + A{M'^ - M"^){A^^^ - Af - Af + 4^^) 

+ ^(1) ^ ^(2) ^ ^(2) _ 2^(2) _ ^(3) ^ ^(3)) _ 2^^(2) ^ 2^(3) _ 2^(3). 
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-\[{m',+m'i){Af^-Af-Af)] 

Wy 

2^ _ rr (2. I [.,2,M2^l Al) (2) ,(2). 

X - Af"2 - 2mf - 2iV( + + 2{m[m2 + m'/ma - m'^m'/)] 
-8{Af^ - Af - A^) + (1 - ^S') - ^('))[-2M'2 + 2mf + (m'l + m'/)' 
+2(m2 - 2m;)m2 + 3N[ + 7V(' - g^] + 2[Z2(1 - .4^^^) - ^^f^] 
+4(g2 - 2M'2 - 2M"2)(4') - _ ^(3) + ^(3)) 

-4(M'2 - M"2)(-A« + + ^(2) + ^(2) _ 2^(2) _ ^(3) ^ ^(3)) 



+2(^S') + 24^) - 24=^)) - 4r[« - "ii + 2m2)(^p) - ) - Af )]\, 
U.{q') = ^ / dx,dy^^^^[ - 2(4^) - 4^) - Af)[M'^ - M"- - 2m'- - 2N[ + 

+2{m[m2 + m'{m2 - m'^m'[)] + 8(^f ^ - A^^ - A^) - (1 - A^ - 4^^)[-2M'2 + 2mf 
+K + K)' + 2(m2 - 2m;)m2 + 3iV( + N'l - q^] - 2[Z2(1 - 4'^) " ^4'^] 
_4(g2 _ - 3M"2)(42) _ ^(2) _ 43) + 43)) _ 2(^(2) + 2Af^ - 2Af) 
+4r|(K - < + 2™2)[2(Af ) - ^5=^) - 4')) + (M'2 - M"2) 
x(-^(^) + 2^(^) + 24^) - 4^) - 24^) - Af)] 

+(m; + m'/)(M'2 - M"2)(^(^) - 24^^ - 24^^ + 4^^ + 24^^ + 4^^) 

+m'i(M'2 - M"2)(-l + 24'^ + 24'^ - Af - 2Af - 4'^)}}- (2-6) 

We are now ready to calculate the radiative decay rates. Before proceeding, several remarks 
are in order: (i) At q^ = 0, the form factors obey the simple relations: T2(0) = 71(0), Ya2,B2{Q) = 
>Ai,iJi(0) and C/2(0) = C/i(0). (ii) Form factors r3(0), yA3,S3(0), f73(0) do not contribute to the 
B —7- M7 radiative decay rates, (iii) There are some new terms in the above form factor expressions 
that were missed in fl7| |. As we shall see in the next section, the resulting B — )■ M7 rates are 
modified sizably for some modes. It is straightforward to obtain jl?! ^ 

Glaml, / rnt\^ 



rrii 



^ Since |T46K*sl ^ iKibV^*^!, for the purpose of obtaining the radiative decay rates, we only consider the 
|T46K*s'^7p contributions. 
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7) 



Glamor, ml 



327r4 



m 



B„ 



B{Bg ^ Tt) = TB. 



" 2567r4m|, 



mi 



|K,K>7t^i(o)l', 



(2.7) 



where tb^ is the hfetime of the Bq meson and rrib is the MS 6-quark mass. The effective Wilson 
coefficient 07(^7) 15, 16, 21| and 07(^7) [3, are calculated in the QCDF approach [l^. They 



consist of several different contributions 



15, 



16, 



21 



221: 



a^7(/i) = cf (/i) + a^7,,,,(M) + , (2.8) 

where df^ , o,7,ver and aj^sp are the NLO Wilson coefficient, the vertex and hard-spectator corrections, 
respectively. The last two terms in the above equation are given by 



^7,ver 



''7,sp 



as{l^h)CF 
47r 



[ci(/z)Gi(m2/m^) + cf(M)G8], 



(2.9) 

with the hadronic scale fih ~ V^/i/^ foi' ~ 0.5 GeV and Gi^g; -f^i.s given in [l6^. Note that 
the analytic expression for 07(^7) and 07(^7) are identical, but numerically, due to differences of 
the wave functions of V and A, asp{Vj) and asp{A'y) could be quite different j^]- As the QCDF 
calculation of 07 (T7) is not available yet, we shall take 

aUT^)c^cfif,) (2.10) 

and neglect a7 ,,g^(T7) and aj^^^iT'^) in this work. 

In the next section, we will give numerical results for form factors Ti{q^), YAi^Bii'f')-, Ui{q^), and 
the corresponding Bq — > ^7, A'y, T7 decay rates. 



III. NUMERICAL RESULTS AND DISCUSSION 

A. B ^ M tensor form factors and B — > i^*7, Ki'y and ^C|7 decays 

To perform numerical calculations, first we need to specific some input parameters in the co- 
variant light-front model. The input parameters mq and (3 in the Gaussian-type wave function 
(jAlip are shown in Table HI The constituent quark masses are close to those used in the litera- 
ture 17-19, 23-26]. Meson masses and decay widths are taken from (l^ and CKM parameters 
from Q. 

The physical Ki states -fri(1270) and ^1(1400) are mixed states of the Kia and Kib states, 

(1270) = KiA sin Ok^ + Kib cos Ok^ , 
Eri(1400) = Kiacos9k^ - KiBsmOKi. (3.1) 

Since they are not charge conjugation eigenstates, mixing is not prohibited. Indeed, the mixing is 
governed by the mass difference of the strange and non-strange light quarks. It follows that the 
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TABLE I: The input parameters rriq and /3 (in units of GeV) in the Gaussian-type wave function 



(lAlip . The parameter /3 for /i, /ii, /2 is defined for their ss component. 



rriu 


ms 


rub 








0.25 


0.35 


4.45 


t^fiVi +0.0352 


0.2829 


n QOO/l +0.0163 






/3/l,ftl,/2 








0.6396 ± 0.0566 


0.3051 


0.3446 ± 0.0064 









masses of Kia and Kib can be expressed as 

,2 _ ^2 „^„2 a I ^2 ^-2 



™/^lA = "^Xi (1400) COS C^Xi +"^i^,(l270)Sln t^A'i, 
2 2 ■2/1,2 2 , 



i^-ifl = "1^-1(1400) sin ^ii-i +"1-/^1(1270) COS 9ki. (3.2) 

Note that we need to know the mixing angle in order to specify the mass parameters "rnxi^ , 
which in turn wiU be needed to obtain the numerical results for tensor form factors Ya,b{<i'^)- 
The input parameters /3's are fixed by the decay constants whose analytic expressions in the 



covariant light-front model are given in [19|. We use fs = 200 ± 15 MeV, /b^ = 240 ± 15 MeV, 
fx* = 220 MeV and = 230 MeV to fix /3's. For p-wave strange mesons, we take for simplicity 
/3^^ = jSj^^^ = j3K^^ = /3^. Q. To fix we need the information of the iri(1270) and i^i(1400) 



decay constants. 

There exist several estimations on the mixing angle in the literature. From the early ex- 
perimental information on masses and the partial rates of i^i(1270) and -fCi(1400), Suzuki found 



two possible solutions with a two- fold ambiguity, \Okx\ ~ 33° and 57° 29|]. A similar constraint 



35° < \9ki\ ^ 55° was obtained in l30| based solely on two parameters: the mass difference of the 
ai and bi mesons and the ratio of the constituent quark masses. An analysis of r — ?■ 7^1(1270)1^,- 
and JCi (1400)1^^- decays also yielded the mixing angle to be ~ 37° or 58° with a two-fold ambigu- 



ity 31[. Most of these estimations were obtained by assuming a vanishing /kib- With the help 
of analytical expressions for Jkia is obtained in the CLF quark model 1.1^, we can now release 
this assumption. Using the experimental results B{t — )• i^i(1270)z^T-) = (4.7 it 1.1) x 10^^ and 
r(r ^ iri(1270)z^^)/[r(r ^ Eri(1270)z^^) + r(r ii:i(1400)z^^)] = 0.69 ± 0.15 [12], we obtain ^ 

l/i^i(i400)l = 139.2^^^:3 MeV, |/;^,(i270)l = 169.5li?| MeV. (3.3) 

These decay constants are related to fxiA ^-^d Ikib through 

"T-Kl (1270) fKi (1270) = "T-i^iA /i^iA + ^K^g fx^g COS , 

"T-i^i (1400) /i^i (1400) = inKiAfKiA^^^^Ki - mKisfKiBSinOKi, (3.4) 

where uses of Eq. ()3.ip and equations for decay constants (0| A^jKiyi) = mi^^^/i^-^^e^, 
(0|A^|i^i(1270)) = w-A"! (1270) /i^Ti (1270) similar ones for Kib and i^i(1400) have been made. 



The large experimental error with the ii'i(1400) production in the r decay, namely, B{t 



(1400)j^r) = (1.7 ± 2.6) X 10~^ []J|, does not provide sensible information for the ifi(1400) decay 
constant. 
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From the analytic expressions of decay constants given in [3], we see that uik, aIk, ^ and mxisfKiB 
are functions of and quark masses only (see Eqs. (2.23) and (2.11) of 19|). In other words, 
they do not depend on rriK^^ and hence 9ki ■ Eq. (j3.4p leads to the relation 



m 



Xi (1270)^^-1 (1270) + "''/^i(1400)/a'i(1400) " ^'k-^a^K^a '^Kj_BfKiB ' 



(3.5) 



This relation is independent of ■ In practice, we shall use this equation to fix the central value 
of the parameter fSj^i to be 0.3224 GeV. 

Note that in the CLF quark model the signs of the decay constants /kia ™d Jkib their 
relative signs with respect to form factors are fixed (l9|.^ Specifically, we learn from Eq. (2.23) of 
19| that Jkia is negative, whereas /kib positive. With this sign convention, we are ready to 
determine the mixing angle 9ki from Eq. ()3.4p . We find two best fit solutions for 9ki- 



50.8° solution I, 
-44.8° solution II. 



In both cases. 



rriK.AfK.A = -0.2905 GeV^ niK.BfK.B = 0-0152 GeV^ 



(3.6) 



(3.7) 



are obtained. The uncertainty in /^Ki for these two mixing angles can be obtained using Eqs. (|3.3p 
and (j3.4p . The reader may wonder why we do not have a two- fold ambiguity for 9ki- This is 
because we do not assume a vanishing /kib and we demand that \9ki\ < 7r/2. From Eq. (|3.4p we 
have 



9ki 



± tan 



"^7^1(1270) /if 1 (1270) 



"T-Xi (1400) /ii'i (1400) 

±47.8° + 3.0°. 



+ tan 



rriKiBlKiB 



mK^AfK^A 



(3.8) 

This leads to the above two solutions. Note that in the SU(3) limit, /kib — and 
/i^i (1270) //i^i (1400) = tan^i^j. As we shall see below, the second solution 9ki = —44.8° is ruled out 
by the experimental measurements of i? — )• /Ci (1270)7 and B — )• iTi (1400)7. For 9ki = 50.8°, we 
find 

m^^^ = 1.37 GeV, //r,^ = -212MeV, 

rriK.B = 1-31 GeV, /k.b = 12MeV. (3.9) 

Since we have imposed the constraint = in the calculation, form factors are obtained 
only for spacelike momentum transfer = — < 0, whereas only the timelike form factors are 



^ The relative signs of the decay constants, form factors and mixing angles of the axial- vector mesons were 
often very confusing in the literature. As stressed in [s^, the sign of the mixing angle ^r- , is intimately 



related to the relative sign of the Kia and Kib states. In the light-front quark model 19| and in pQCD 
33| . the decay constants of Kia and Kib are of opposite signs, while the D{B) Kia and D{B) Kib 
form factors are of the same sign. The mixing angle Ok^ is positive. It is the other way around in the 
approaches of QCD sum rules [341] and the ISGW model |28|: the decay constants of Kia and Kib have 
the same sign, while the D{B) — Kia and D{B) — )■ Kib form factors are opposite in sign. These two 
conventions are related via a redefinition of the Kia or Kib state, i.e., Kia — >■ —Kia or Kib —Kib- 
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TABLE II: Tensor form factors of i? — )• K*, Ki, K2 transitions obtained in the covariant light-front 
model are fitted to the 3-parameter form Eq. (j3.10p except for Ygs and C/2,3 • Central values of 
/3's listed in Table |T] are used. All form factors are dimensionless. For B — )• i^iA,i_B transition form 
factors, only results with = 50.8° are shown since one needs to specify the value of Ok^ in 
order to fix the values of rriKiA is • 



F 


F(0) 


^('?max) 


a 


b 


F 


F(0) 


'^('?max) 


a 


b 


Ti 


0.29 


1.09 


1.86 


1.16 


Yai 


0.36 


1.20 


1.61 


0.64 


T2 


0.29 


0.91 


1.03 


0.06 


Ya2 


0.36 


0.58 


0.63 


-0.11 


T3 


0.18 


0.54 


1.48 


0.74 


Ya3 


0.21 


0.30 


0.76 


0.36 


Ybi 


0.13 


0.35 


1.88 


1.39 


Ui 


0.28 


0.62 


2.27 


2.33 


Yb2 


0.14 


0.26 


1.00 


0.23 




0.28 


1.04 






Yes' 


-0.05 


-0.17 


2.65 


0.00 




0.41 


0.78 


1.87 


1.82 












Us' 


-0.25 


-0.68 


-2.27 


1.77 



''We use U2 = Ui + {q^/ml)U^ and fit for using Eq. (I3l0l) . 
'Yz33 and U3 are fitted using Eq. ([5TT|) . 



relevant for the physical decay processes. Here we follow |23| | to take the form factors as 

explicit functions of q"^ in the spacelike region and then analytically continue them to the timelike 
region. We find that, except for the form factors Yes and U2;3, the momentum dependence of the 
form factors Tj, YAi^Bi, Ui in the spacelike region can be well parameterized and reproduced in the 
three-parameter form: 

m 



1 



(3.10) 



We then employ this parametrization to determine the physical form factors at (f' > 0. In practice, 
the parameters a, b and F{0) are obtained by performing a 3-parameter fit to the form factors in 
the range — 20GeV^ < 9^ < 0. The obtained a and b coefficients are in most cases not far from 
unity as expected. However, the coefficient b for Ybs and C/2,3 is rather sensitive to the chosen 
range for q'^ and can be far away from unity. To overcome this difficulty, we fit Yssiq"^) and Us{q'^) 
to the form 



F{q^) = F(0)(1 + a{q^/ml) + b{q^/mlf) 



while for U2{q'^), we first define U2{q^) through 



U2{q^ 



Ui{q') + ^U^iq% 



m. 



(3.11) 



(3.12) 



and then fit U2{q^) using Eq. ()3.10p . Note that a decomposition of U2 into Ui and U2 is motivated 
by Eq. (j2.6p . The above procedure accomplishes substantial improvements. 

The tensor form factors and their g^-dependence for B — )• K* ^ Ki, transitions are shown in 
Table [Hand depicted in Fig. H Our form factor 2^(0) = 0.29 is significantly smaller than the old 
light-cone sum rule (LCSR) result of 0.38 ±0.06 Q. A new LCSR calculation yields Q.2btoll 13, 
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FIG. 2: Tensor form factors Ti((f ), YAi,Bi{(^) 
transitions, respectively. 
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TABLE III: Tensor form factors Y^^^ 



and Y^^^ at q'^ 



in various approaches. 



Form factor 


This work 


pQCD [36] 


LCSR [22] 


LCSR [37] 


^i'r(o) 


0.36 ±0.02 
0.13 ±0.01 


07+0.08 
^•"^'-0.07 

n 90+0-09 
^•^y-0.09 


n qi+0.09 
^•"^-■--0.05 

r, 9C-+0.06 b 

U-^^-0.07 


_ a 

n. „c^ +0.0040 

U.ZOD_Q 0044 



"The form factor Yai was not computed in 37 1. 

'in our sign convention for |ifi(1270)) and \Kib) states. 



which is close to the lattice result Ti(0) = 0.24 ± 0.03lo;o^ 35]. For the form factors Yai and Ybi 
(or sometimes called T^^'* and T^^^ , respectively, in the literature), we compare our results with 
other model calculations in Table IIIIl It is clear that while the CLF quark model, pQCD [36] and 
LCSR 2^ all lead to a similar Yai, the predicted Ybi is smaller in the CLF model. 
We are now ready to discuss the implications on B ^ Mj decay rates. The decay B 



been considered in 



15 



K*^ has 



161 ] within the framework of the QCD factorization approach. The results of 
[l5l . Il6l . l2ll | are consistent with each other for the same value of the form factor ri(0). For 07(^7) 
and a^{A'j) we shall use Eqs. (j2.8p and (|2.9p calculated in QCDF with input parameters collected 



in Appendix B. For example, using the formulas given in la, [24] and the central values of input 
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TABLE IV: Branching fractions for the radiative decays B K*j, i^i (1270)7, i^i (1400)7, 
-R'|(1430)7 (in units of 10"^) in the covariant hght-front model and in other models. Experimental 
data are taken from Sec. I. 

B- K*~-f B- i^i(1270)~7 B- ifi(1400)~7 B' K2*(1430)-7 
Expt 4.21 ±0.18 4.3 ±1.2 < 1.5 1.45 ± 0.43 

This work 4.28l?:I^ 5.121 J;^? O-^^-olt" 2.94t?;^^ 







1 9f;+0.99 b 
i.^u_Q 3g 


4.5011:^3 




Lattice [35j 


9 qq+2-97 c 








RQM [40] 


8.2 ±2.7"^ 


0.45 ±0.15 


0.78 ±0.18 


1.7 ±0.6 


LFQM [38] 


6A6tlil " 








LCSR [39] 


3.52 ± 1.41/ 


0.71 ±0.28^ 


0.32 ±0.14^ 


1.76 ±0.71^ 


LCSR [22] 


3.22;^:|j^ 5 




n «c^+l-28 ft 
'-'■"O-0.63 




AP [21] 


6.8 ±2.6 








BFS [15] 


7 A+0.8 i 
'■^-0.9 








BB [16] 


7.4l|^^' 








BJZ [42] 


5.33 ± 1.47 








HQET [41] 


9.99 ±3.81'^ 


1.52 ±0.56^ 


0.74 ±0.32^ 


2.18± 1.02^ 


SCET [43] 


4.6 ±1.4 








PQCD [44] 


q =0+1.84 









'^For the Xi(1270)-ifi(1400) mixing angle 9k, = 50.8°. 
^For the /i:i(1270)-ii:i(14Qlll mixing angle Ok, = -44.8°. 
'^Use of ri(0) = 0.24t°;°^ jag has been made. 

'^The original result is^aled up by a factor of \a7{K*-f)/cf\'^ = 1.78 . 
'^Use of ri(0) = 0.36 [38| has been made. j-. 
^Use has been made of B{h^ sj) = 3.52 x lO"" [7|. 
9Use of Ti(0) = 0.25tS5:o2 W has been made. 

''For = 34± 13° in our sign convention for |ii:i(1270)) and \Kib) states. 

'The central value and errors are taken from the complete NLO result for the neutral mode. 

^For Ti(0) = 0.38. 



parameters, we obtain 

a^(mb) = -0.3107 ± (-0.079 -i0.014) 

-(^ft) [(-0.7906 - 0.7643i)a^(/i 



+(-0.2893 ± 0.5024i)af (^ft) ± (0.1676 ± 0.4252i)a^(;U/,)], (3.13) 



where contributions from NLO Cj , af^gj. and shown separately and af are Gegenbauer 

moments of the meson wave function. The value of 07(^/^*7) is substantially larger than the Wilson 
coefficient of order —0.31 at /x = m^. For the ^^27 modes, we shall employ aj = df^ as NLO 
QCD corrections from vertex and hard-spectator contributions there have not been calculated yet. 
In Table ITV] we summarize the calculated branching fractions for the radiative decays B — >• K*^, 
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TABLE V: Summary on mixing angles and niss, obtained from Eq. ()3.17p and (j3.19p . for various 



isosinglet p-wave mesons (l2l, l3! 





f 


/ 


o 




'Pi 


/ii(1380) 


/ii(1170) 


54.7 


1.32 


'Pi 


/i(1420) 


/i(1285) 


94.9 


1.43 


'P2 


/^(1525) 


/2(1270) 


84.3 


1.52 



(1270)7, -ft^i (1400)7, ^2(1430)7 in the covariant light-front model. The theoretical errors arise 
from the uncertainties in form factors, 07, jV^bV^'^l and nrib (see Table lIXp . For comparison we 
also quote experimental results and some other theoretical calculations. For results in LFQM 
lattice 



351 ] and LCSR 13911 . we also use Eqs. (j2.8p and (j2.9p . For B — )• K*jj rates from the relativistic 
quark model (RQM) [40[ and heavy quark effective theory (HQET) t4l|, we have scaled up their 
results by a factor of \a^{K*-^) / cf\'^ = 1.78. Calculations in LCSR [sg] and HQET [4l| are often 
expressed in terms of i? = B{B — t- K**j)/B(b — t- 57) with K** denoting Ki or i^r|. Therefore, 
the branching fraction of — t- K**^ is obtained by multiplying R with B{b — t- 57) = 3.52 x 
10~^ Results obtained from large energy effective theory (LEFT) [21j], QCDF with long- 
distance contributions [I^], soft-collinear effective theory (SCET) 43] and pQCD 44] calculations 
are also compared. ^ 

As stressed in 3, [3], the NLO correction yields an enhancement of the B — )• K*^ rate that can 
be as large as 80%. Consequently, the predicted rate will become too large if the tensor form factor 
Ti(0) is larger than 0.30. Our prediction of B{B K*'y) = {4:.28tlll) ^ due to short-distance 
6—7-57 contributions agrees with experiment (see Table lIVp . 

From Table |lV]we see that our updated i^^i (1270)7 Ki (1400)7 rates for = 50.8° are 
in good agreement with the data. Evidently, the other mixing angle 9ki = —44.8° is ruled out by 
experiment. As first pointed out in [17|], the (1400)7 ^^^^ is substantially smaller than that of 

(1270)7. This can be seen from the physical form factors 



Xi(1270) 
Xi(1400) 



Yai sin + Ybi cos 9ki , 
Yai cos - Ybi sin 9k^ . 



(3.14) 



It is obvious that the form factor Yi is large for 7^^1(1270) and small for iiri(1400) when = 50.8°. 

For B — )• decays, the calculated branching fraction (2.94l'^'3g) x 10~^ agrees with the world 
average of (1.45 ± 0.43) x 10~^ within errors. It should be stressed that the above prediction is for 
07(^17) ~ cf^. Therefore, a small but destructive NLO correction will be helpful to improve the 
discrepancy. 



^ The pQCD results for B i^i (1270)7 and i^Ti (1400)7 rates in M] are not displayed in Table HVl since 
the B — >■ KiA and B — )■ Kib transition form factors there are erroneous, though they have been corrected 
in 0. 
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TABLE VI: Same as Table HH except for the tensor form factors of Bs — t- (J), f[ , , f2 transitions 
Note that Clebsch-Gordan coefficients are not included (see the text for more details). 



F 


F(0) 


^(^max) 


a 


b 


F 


m 




a 


b 


Ti 


0.27 


0.72 


1.99 


1.58 


Yai 


0.36 


1.07 


1.70 


0.89 


T2 


0.27 


0.91 


1.17 


0.18 


Ya2 


0.36 


0.58 


0.67 


-0.06 


T3 


0.16 


0.40 


1.54 


0.96 


Ya3 


0.23 


0.35 


0.90 


0.48 


Ybi 


0.12 


0.29 


1.98 


1.73 


Ui 


0.28 


0.55 


2.30 


2.65 


Yb, 


0.12 


0.28 


1.17 


0.37 




0.28 


0.78 






Ybs' 


-0.09 


-0.24 


2.23 


0.01 




0.29 


0.45 


2.10 


2.75 












Us' 


-0.18 


-0.55 


2.74 


0.07 



''We use U2 = Ui + iq^/m%jU^ and fit for using Eq. (IXTUl) . 
^Yb3 and U3 are fitted using Eq. ([5TT|) . 



B. Bs ^ M tensor form factors and Bs — )■ (j)^, /117, /17 and /27 decays 



We use = 240 it 15 MeV and f,/, = 230 MeV to fix the input parameters 13 b^ and /3(^, 
respectively. For p-wave mesons, there are mixing between singlet and octet states or, equivalently. 



between uu + dd and ss components, where only the ss components are relevant to Bs 
transitions. We follow [l3] to use 

/ 



M7 



1 

72 
1 

7i 



(mm + dd) cos a 



ss sm a, 



uu + dd) sin a + ss cos a, 



(3.15) 



with (/',/) = (/ii (1380), /ii (1170)) for ^Pi states, (/i (1420), /i (1285)) for ^Pi states and 
(/2(1525), /2(1270)) for tensor states |[12]. The mixing angle a is related to the singlet-octet 
mixing angle 6 by the relation a = 9 + 54.7°. The latter mixing angle is defined by 



/ 



fs cos 6 - fi sin ( 
/g sin + fi cos ( 



(3.16) 



and determined by the mass relations 

tan^ 6*3 p-^ 



12 



32| 



4m 



m 



cil 



3"l/i(1420) 



-4m 



+ m^^ + 3m 



tan^ 9i 



4m 



Pi 



/i(1285) 
^"^hi(1380) 



-4m 



(3.17) 



12 



derived from the Gell-mann-Okubo mass formula, where rnK^^ is can be inferred from Eq. (j3.2p 
with = 50.8°. The signs of these angles can be determined from 

4m|'. . — mi, — 3m^ 

tan Oi = 



0.1 



Vi(1420) 



2V2( 



m 



KiA 



14 



0.6 - 





/ 
/ - 















(GeV^) 
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5. ^ /2 
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^2 (GeV^) 



FIG. 3: Same as Fig. 2 except for Bg ^ M transitions. 



tan 01 



^"^^(1380) 



m 



Denoting the mass of the ss component as m^s, we have 

2 



2 . 2 2 2 

mj/sm Q + mjCos q, 



(3.18) 



(3.19) 



The obtained m^s for various states are summarized in Table IVl 

Defining (0|s7^75s|ss) = m^g/^e^ and (0|s7^75s|/) = rajfje^, it follows from Eq. p.l5p that 



m 



f'ff' 



m 



fff = mssf'cosa. 



(3.20) 



From the values of a and m^g shown in Table IVl and the decay constants of /i(^Pi) and fsi'^Pi] 
determined to be -245 ± 13 MeV and -239 ± 13 MeV, respectively, in j45[, we obtain n^Pi) = 
f 



/(1420) 



m 



j(i42o)/(— JTisssina) = — 230ib9 MeV, ^ which is the decay constant of the ^Pi axial vector 
meson with a pure ss quark content. Consequently, /3/i,ss is determined and shown in Table HI For 
p-wave mesons, we take for simplicity /3/i,ss = /^hi,ss = f^f2,ss [28|. Input parameters relevant to 
Bg — )• M7 decays are summarized in Table HI 



^ Using f'^i'^Pi) — /j(i285)'™/(i285)/("^ss cosa), a similar central value is obtained, but the error is of order 
100 MeV. 
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TABLE VII: Branching fractions for the radiative decays Bg 07, /i (1420)7, /i (1285)7, 
/ii(1380)7, /ii(1170)7, /^(1525)7, /2(1270)7 (in units of 10"^) in the covariant Hght-front model 
and other models. Experimental data are from 





Bs (1)1 


5s- 


> /i (1420)7 


Bs ^ /i (1285)7 


Bs /ii (1380)7 


Expt 












This work 


3.39t?:i 


4.8i: 


hi. 55 
-1.17 


n3+°-ii 


^•^'-0.15 


BJZ [42j 


3.94 ± 1.19 










SCET [43] 


4.3 ± 1.4 










PQCD [44] 


q t;o+1.46 
•5-'JO-1.09 


6.19: 


h3.06 a 
-2.52 


0.011°:°} ^ 


4 44+2-09 c 






5.82: 


[-2.88 b 
-2.38 


0.381°:}^ " 


s.oot?:!'' 




^/ll(1170)7 


Bs- 


> /2(1525)7 


Bs ^ /2 (1270)7 




This work 


n 1 5+°-°'^ 

'-'•-'-^-0.08 


2.30: 


[-2.19 
-0.99 






PQCD [44] 


n 7Q+0-36 c 

u.cy_o.28 











Tor the mixing 
''For the mixing 
'^For the mixing 
'^For the mixing 



angle 6*3 = 38°. 
angle ftsp^ = 50°. 
angle Oip^ = 10°. 
angle Oip^ = 45°. 



Tensor form factors for Bs — )• V, Pi) , Pi) ,T(^ P2) transitions are shown in Table IVTl As 
in the B decay case, except for the form factors Ybs and C/2,3, the momentum dependence of the 
form factors Tj, YAi^Bi^ Ui are fitted to the three-parameter form given in Eq. (j3.10p with niB 
replaced by ruB^, while YBsiq'^), ^-lil^) ^'^d U-i{q^) are fitted to the form shown in Eq. (j3.1ip with 
ruB replaced by niBs, as well. Recall that U2 is defined through Eq. (l3.12p . These form factors are 
plotted in Fig. [3J Comparing Tables |TI] and I VII we notice that the values of form factors at = 
are similar to the corresponding ones in B transitions. Therefore, flavor of the spectator quark 
does not seem to play a special role in these radiative B and Bs decays. 

Form factors for Bg — s- /i , /ii , transitions with physical final states can be obtained from 
Table IVII by including suitable Clebsch-Gordan coefficients. Specifically, form factors for various 
Bs ^ M transitions with i = 1,2,3 are given by 

^/i(i420)i = - sinaspj x Yai, >7i(i285)j = cosasp^ x y^i, 
'^hi(i380)i = -sinaip^ x Ybi, >fti(ii70)i = cosaip^ x Ysi, 
^/^{i525)i = -sinaspj x Ui, ^/2(i270)i = cosasp^ x Ui. (3.21) 

Since only the ss components of these mesons can be transited from a Bg meson via a hcr^yS density, 
the sizes of the corresponding form factors are reduced by the Clebsch-Gordan coefficients (see also 
Eq. ^M)- 

For the effective Wilson coefficient ay, we shall use the QCDF ones as shown in Eqs. (j2.8p and 
(j2.9p with input parameters given in Appendix B. 

Rates of radiative Bg cpj, /i(1420)7, /i(1285)7, /ii(1380)7, /ii(1170)7, /^(1525)7, /2(1270)7 
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decays can be obtained in analog to the B meson case. Results obtained by using tensor form 
factors calculated in the covariant light-front model are shown in Table IVTIl where comparison with 
results from other models |42H44il a nd data [ll|] is also made. We see that the calculated Bg — )• 07 
rate is consistent with the data 
branching fraction is smaller than the B 
related to the B — )• K*^ one via 



111 ] and other models 



42- 



44i | within errors. Note that our Bg — )• 07 
-fC*7 one. The branching fraction of Bg — >■ 07 can be 



B{Bs ^ 07) 



rriB 



~ 0.914 



rrii 



rrij 



m 



B 



m 



K* 



B{B 



t{B) 



af(07)r/^='^(O) 



af (K*7)Tf^*(0) 



B{B K*-i) 



(3.22) 



It is clear that the reduction arises from the fact that Ti(0) for the Bg ^ (j) transition is smaller 
than that for the B ^ K* one by 7% and the ratio of Bg and B hfetimes T{Bg)/T{B) ~ 0.87 
leads to a further suppression. 

Branching fractions for Bg — )• /i(1420)7 and /2(1525)7 are predicted to reach the level of 10^^. 
It will be interesting to search for these modes in the near future. Comparing to other predictions, 
we note that most of our results on Bg — )• A^y decays agree with those in 4j] except the one in 
Bg — )• /ii (1380)7 decay, where our result is about one order of magnitude smaller. Our predictions 
on Bg /i(1420)7, /i(1285)7, /ii(1380)7, /ii(1170)7, /^(1525)7, /2(1270)7 rates can also be 
checked in future experiments. 



IV. CONCLUSION 

5 — 7- M and Bg ^ M tensor form factors are calculated in the covariant light-front quark 
model. All numerical results are analyzed using the CLF formulas in [l3] with previously 



missing terms being included (see the erratum of [171]). Exclusive radiative B and Bg decays, 
B K*-f, i^i (1270)7, i^i (1400)7, K^{U30)-f and Bg /i (1420)7, /i (1285)7, /ii (1380)7, 
/ii(1170)7, /2(1525)7, 72(1270)7, are obtained using QCDF. Our main conclusions are as follows: 

( — I 

1. The treatment on thkia ''^Kib improved. In [17] these masses were determined 
with some approximations from the measured masses of -fCi(1270), i^i(1400), 6i(1232) and 
/ii(1380) and no information of the mixing angle was used. In the present work, we use 
Eq. (j3.2|) to determine these masses. This procedure does not rely on any approximation. 



2. The treatment on the Kia — Kib mixing angle 9ki is also improved. In [17|, 9ki was taken 
to be ±37 and ±58 degrees from other analyses. These analyses were either based on the 
assumption of a vanishing decay constant of Kib or relied on some other calculated results 
of fxiA- Since the formalism employed in this work is capable of providing information on 
fxiA fxiB ) we can analyze the mixing angle consistently within the covariant light front 
approach. 
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3. i? — )• and A'y decay rates are obtained using the QCDF approach with form factors 
calculated in this work. The predictions on i? — )• rates are more reliable than that in [I7l |. 
where only a naive estimation on the effective Wilson coefficients was used. 

4. The updated B — )■ i^i (1270)7 ^^^^ is in agreement with the data, while the B — )• ETi (1400)7 
rate is consistent with the experimental bound [8]. These decay rates are very sensitive to 
the i^i(1270)-i^i (1400) mixing angle and we found that 9k = 50.8° is favored by the data. 

5. The predicted B — )• K*j and K2J rates agree with data. 

6. The calculated Bs — s- 07 rate agree with experiment, though in the lower end of the data. 

7. In addition, we have studied all Bs — s- {A,T)'y decays with 6—7-5 transition. Branching 
fractions of Bs — >• /i (1420)7 /2 (1^^5)7 are predicted to reach the level of 10~^. It will be 
interesting to search for these modes. Our predictions on /i (1285)7, /ii (1380)7, ^1 (1170)7, 
/2(1270)7 decay rates can also be checked in future experiments. 
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Appendix A: A Brief derivation of analytical expressions of tensor form factors 



In this appendix, we give brief derivation that leads to the analytic formulas of tensor form 
factors given in 17| • We consider the transition amplitude given by the one- loop diagram as shown 
in Fig. [TJ The incoming (outgoing) meson has the momentum = p'^""^ + P2^ where p^"^ and 

P2 are the momenta of the off-shell quark and antiquark, respectively, with masses m'/"^ and m^- 
These momenta can be expressed in terms of the internal variables {xi,p'^, 

Vtl = ^1,2^'+, Pi,2± = ± pi, (Al) 

with + ^2 = 1. Note that we use P' = (P'" , P'+ , ) , where P'^ = P'° ± P'^ so that P'^ = 
pi+pi- _ pi2^ jj-^ ^]^g covariant light-front approach, total four momentum is conserved at each 
vertex where quarks and antiquarks are off-shell. It is useful to define some internal quantities: 

iQ = (ei + 62) = - 

Xi X2 

- V"^* +Pl+Pz^ Pz- 2 2x2M',- ^^^^ 

Here Mq can be interpreted as the kinetic invariant mass squared of the incoming qq system, and 
ei the energy of the quark i. 

We need Feynman rules for the meson-quark-antiquark vertices to calculate the amplitudes 
depicted in Fig. 1. The Feynman rules for vertices {i^'m) of ground-state s-wave mesons and low- 
lying p-wave mesons are summarized in Table IVnll Note that we use and to denote ^Pi and 
^Pi states, respectively. It is known that the integration of the minus component of the internal 
momentum in Fig. 1 will force the antiquark to be on its mass shell [l8|. The specific form of the 
(phenomenological) covariant vertex functions for on-shell quarks can be determined by comparing 
to the conventional vertex functions f]3]- 

We first consider the tensor form factors for Bg ^ V transition. We have 

B,.e"*'' = {ViP'',e'Ts'^,,q\l + ^,)b\B,iP')) = -z^^ J d'p[§r^Sn,. e"*" , (A3) 



TABLE VIII: Feynman rules for the vertices {iT'j^) of the incoming mesons-quark-antiquark, where 
p'l and p2 are the quark and antiquark momenta, respectively. Under the contour integrals to be 
discussed below, H'j^j and W^j are reduced to h'j^ and w'j^j, respectively, whose expressions are 
given by Eq. (|AT0|) . Note that for out going mesons, we shall use i(7or2^7o) for the corresponding 
vertices. 



M(25+iLj) 




pseudoscalar (^So) 
vector {^Si) 
axial (3Pi) 
axial (iPi) 
tensor (^P2) 


iH'ybfi - wi;ip'i -P2)m] 

-iH!,^hfi + wrip'i -P2)^^h5 

-^Hi^iw-iPl - P2)fj]l5 

i^H^bii - WT^P'^ ~ P2)/.](K - P2)u 
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where 



Sruu = Tr 



1 



Wy 



(A4) 



A''" = p'l' — m'l' + ie and N2 = p^ — + it- By using the identity 2a^xlb = i^nXpa'^'^'^ the above 
trace Sr^p can be further decomposed into 

Sr^v = (l^Sy^x + -q^e^xpaSJ"^ ■ (A5) 
It is straightforward to show that 

Sufj.x = '^(^puaX [2{m[m2 + m'{m2 - m[m'()p'^ + m\m'lP"' + {m\m'l - 2m[m2)q"] 

-tL{^p'i, - Mu - Pu)epxap[{m\ + m'Dp'^P^ + {m'i - m'^ + 2m2K"/ + rn\P^q^] 

Wy 

+[2e^,ya\ [2{p'i ■ P2 - p'i ■ P2 - p'l ■ p'Dp'i + p'l ■ p'iP" + {-2p'i ■ P2 + p'l ■ Pi)q"] 
+2{gxuepa^p - 9puexa^p)P''q^pT + 2expo.p{P''q^p'i, + p'lP^Qu + qyfP.) 
+2e^.aMxP''Q^ + QxPy'i +iP + 2^7) AOf + 2p[xPTiP + Q)^] 

-26A.«/3[^P"/ + qpPyf + {P + 2q)^qyf + 2p;^pf (P + qf]}. (A6) 

Note that those terms in {• • •} are missed in the original version of (l7| . To proceed, it is useful to 
use the following identities 

2p[ • p2 = M'2 - pf -pI = M'2 -N[-N2- mf - ml 

2p'l ■ p2 = M"^ - pf -pI = M"^ - N'{ -N2- mf - ml 

2p[ ■ p'l = -q^ + p'l - = -q^ + + N'i + mf + mf . (A7) 

As in [3, [19I, w e shall work in the = frame. For the integral in Eq. (|A3p we perform the 
integration [l8|] , which picks up the residue at p2 = P2 and leads to 

zr'i") > h'i") 

W'li ^ w'l^, 

^Vl rrl rrll Q , • [ dX2(Pp'^ ^, ^„ 

-HpHyS -ITT / — -TT—^hphyS, (A8) 



N[N\'N2 ^ J X2N[N^ 



where 



+ + (A9) 



Xi X2 



with p'± = p'j_ — X2 q± ■ The explicit forms of h\,j and w'^.^ are given by [l9(] 

h'p = h'y = (M'2 - M'^), F^ L if', 







= Mo + m'l + m2, tuL = , wi, = 2 , (AlO) 

m\ — m2 
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where ^p' and Lp'^ are the hght-front momentum distribution amphtudes for s-wave and p-wave 
mesons, respectively. The Gaussian-type wave function is used [46 1 



ip'p = (/?p(x2,p'_l) 




,2 ^ 



dp'z 


exp 


( P'z+P'l 


dX2 


[ 2/3'2 




dp'z 


e'ie2 




dX2 


X1X2M0 



(All) 



The parameter /3' is expected to be of order Aqcd- 

In general, p'l can be expressed in terms of three external vectors, P' , q and tD [lj being a lightlike 
vector with the expression oj^^ = (a}~, w"*", tD^) = (2,0,0^)]. In practice, for p'l under integration we 
use the following rules |18l | 



Pi,, 

Pl,,Plu 

»/ 

PlaPli^Pla 



N2 
P1J2 



g^^A^^ + P^^PuA^ + {P^q, + q,,Pu)Af + q^^q^A^ , 

{g^iuPa + + fi'/io?!/ + 9uaqfi)A^2 

+Pf,P,P^Af^ + (P;,P,(7a + Pf^quPa + q^.PuPa)Af^ 



+ {qiJ.quPa + qt^Piyqa + Pf,q,yqa)A^ 

Z2, 



(3) 



q^q^qaA, 



(3) 



q^^ 



'A^^Z2 + ^Af^ 
q 



(A12) 



where the symbol = reminds us that the above equations are true only after integration. In the 
above equation, A^^'' and Z2 are functions of xi^2, p''j_iP'^' q± and q'^, and their explicit expressions 
are given by [l8| 



(2) 



^1 4(1) 

2 ' 2 



p± • qj. 



-p'l 



ip'± ■ q±) 



A, 



(2) 



(A 



a)^2 



A 



(2) 



,(1),(1) 

^1 ^2 ' 



A 



.(2) 

.(3) 
^3 

(3) 
6 

Z2 



(3) 



.(1) 4(2) 
^1 ^2 ' 

,(1) 4(2) 
J-^2 ^4 



.(3) 



,(1) ,(2) 
^2 ^2 ' 



1 5 

(3) _ 



(3) 



4(1) 4(2) 
^2 ^1 1 



4(1)4(2) 
^1 ^4 ' 



4(1) 4(2) 
>^2 ^1 ' 



(A13) 



(AM) 



The calculation for Bg Asp^i transition form factors can be done in a similar manner. In 
analogue to Eq. (lASh . we have 



Pi lt*u 



.3 



(2vr)^ 

3 

{2nY 



,4 / -^PV "--^A 
^1 N{N\'N2 



(A15) 
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where 



S 



R/iu 



s 



Tr 



Tr 



7z. - ||77r(f 1 - P'^)i' 1 75(/i' + m'i)a^xq^{l + 75)(/i + mi)75(- + "12) 



— (K' - f's);. 75(/i' + rn'Da^xq^^l + 75)(/i + "^'i)75(- h + ^2) 



. (A16) 



It can be easily shown that Sj^'^^^ = —Sr^i, with rri'l and Wy replaced by —171" and W"^i^, 
respectively, while only the l/Wi'j^ term is kept for the S^^" case. Consequently, we have, for 
i = 1,2,3, 

YAi,Bi{q^) = Ti{q^) with {m'{ -m", /ly /134 1^, Wy w'i^i^), (A17) 

where only the \/W" terms in Ysi form factors are kept. It should be cautious that the replacement 
of m'l — )• —m'{ should not be applied to m'/ in w" and h" . 
Finally we turn to the Bq—^T transition given by 



Nr. 



j4^/ H'p{—iH'^) prp 



where 



{P2 - Pi)x 

^RfivX^ [P > = ^Rfiu 7^ e [P ) = ^Rfiu[q - Pl)\£ [P )■ 



(A19) 



The contribution from the S^uQx part is trivial, since qx can be taken out from the integration, 
which is already done in the Bq ^ V case. Contributions from the Sr^uP'ix P^^^ worked 
out by using Eq. (IA12I) . 

The final results of these calculations, i.e. tensor form factors for Bq ^ M transitions, are given 



m 



13] and recollected in Sec. II. 



Appendix B: Input parameters for decay amplitudes in the QCDF approach 



Input parameters of the radiative B decay amplitudes are collected in Table 
factors are calculated in this work. Other hadronic parameters are from 



12 
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XI Values of form 
42 



45|. Note that 



the signs of /j^ for M = ^Pi states are flipped to match our sign convention. For Gegenbauer 
moments of physical mesons, we use 

cos 9 k-, 

'i<'i(1270) 

-. — — — a,- cos Ok ri — 



a. 



±,Ki(1270) 



J h 



/i^i(1270) 



.,^"1(1400) 



■'_ft:i(i4oo) 
ff^ rf, cos 



f 



If 



V3 
/J sin 6 



,fi 



2-^0: 



iCi(1400) 

sin0 



sin Ok , 



2^a 



J'2 ' 



V6 ' 



(Bl) 
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TABLE IX: Input parameters. The values of the scale dependent quantities f^{fih) and aj"^ 2(/^/i) 
are given for fi^ = 1 GeV. 



Light mesons 


M 


/i-/(MeV) 


«o 


4 




K* [42] 


185 ± 10 


1 


0.04 ± 0.03 


0.15 ±0.15 




186 ±9 


1 





0.2 ±0.2 


KiA [22] 


250 ± 13 


n 26+°°3 

'-'•^0-0.22 


-1.08 ±0.48 


0.02 ±0.20 


KiB [22J 


-190 ± 10 


1 


0.301°:°? 


-0.02 ±0.22 


[45] 


245 ± 13 





-1.06 ±0.36 







239 ± 13 





-1.11 ±0.31 







-180 ± 12 


1 





0.18 ±0.22 


hT' [45] 


-190 ± 10 


1 





0.14 ±0.22 


B mesons 


[12] 


B 


mB(GeV) 


t"b(ps) 


/^(MeV) 


AB(MeV) 


Bu 


5.279 


1.638 


200 ± 15 


350 ± 100 


Bs 


5.366 


1.472 


230 ± 15 


350 ± 100 


Form factors F^~^^^(0) (this work) 






yJ^-^-(o) 




0.29 ±0.03 


0.36 ± 0.02 


0.13 ±0.01 


0.28 ± 0.03 








Ybi "HO) 




0.27 ±0.03 


0.36 ±0.02 


0.12 ±0.01 


0.28 ±0.03 


Quark masses [12] 


m;,(mf,)/GeV 


rric/mb 


4 20+°-^^ 


0.31 


CKM matrix elements [27] 




\Vcs\ 


041 1 7+0-00038 
U-U^J^i' -0.00117 


0.97349 


+0.00018 
-0.00017 



with 



/if 1 (1270) 
/i^i(1400) 

//■ 



fh COS Ok - fii^ sin6'K, 



lA 

cos 



2/i 



sm.9 



-ft' 



V3 Vg 

sin 9 ^ cos 



V6 ' 



(B2) 
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where 6 = a — 54.7° and /, /' are the states specified in Table IVl The scale ^ for of is varied from 
to 2mi,. 
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